
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 15, No. 2, March-April 1992

Abstract Model and Controller Design
for an Unstable Aircraft

Dale Enns*
Honeywellt Inc., Minneapolis, Minnesota 55418

Hitay Ozbayt
Ohio State University, Columbus, Ohio 43210

and
Alien TannenbaumJ

University of Minnesota, Minneapolis, Minnesota 55455

In this paper, we consider an unstable system with a time delay as an abstract model of an aircraft longitudinal
motion for the short period. In our controller design we want both sensitivity reduction and robustness to certain
unmodeled dynamics. Using standard arguments, these control objectives are formulated as an H°° optimal
control problem. We show in detail how to compute the optimal controller for this distributed model (and not
for a finite dimensional approximation). A numerical example is given to illustrate the computational procedure.
Certain properties of the controller are discussed for this example.

I. Introduction

I N recent years, a powerful control methodology known as
H°° optimization has been developed to deal with a number

of problems in robust control. Even though the mathematical
theory associated with this methodology has been well worked
out, there have not been many published nontrivial control
examples to which the design techniques have actually been
applied. In this paper, we address ourselves to such an exam-
ple in which we will design a compensator for the control of an
unstable aircraft model with a delay. In our design, we will
work directly with the distributed model and not a finite
dimensional approximation. Our technique is based on so-
called skew Toeplitz theory, which allows one to design for
(possibly) infinite dimensional systems.1'5 These methods have
already been applied to a distributed model of a flexible
beam.6

One of the reasons to use distributed models in the con-
troller design is that such infinite dimensional models may
represent the dynamics of the physical system better than their
finite dimensional approximates. On the other hand, in some
cases infinite dimensional models that contain a few parame-
ters are used for physical phenomenon that can otherwise be
better explained by very high order finite dimensional models.
Thus the economical representation of the system is another
important reason why distributed models are used in practice.
For example, in the abstract distributed model considered in
this paper, there are only two parameters: a delay and an
unstable pole.

The development of flight control requires a mathematical
model of the aircraft flight dynamics. The components to be
modeled include the dynamics of the aircraft, the control
actuation device, the sensors, and the computer that imple-
ments the control law. It is expedient to make approximations
that are known to be acceptable from the practice of flight
control engineering. In Sec. II of this paper, we will review the
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aircraft dynamics and show that a transfer function with one
unstable pole and a time delay forms an abstract model of the
aircraft, for the purpose of controlling the longitudinal dy-
namics in the short period.

The abstract model is intended to be accurate for frequen-
cies in the decade centered around the magnitude of the un-
stable pole. Thus low frequency dynamics are neglected, as
well as high frequency dynamics. In the framework of the H°°
control, it is possible to design a controller for the unmodeled
dynamics. It is also possible to include a sensitivity reduction
criteria to such a design. This is the key motivation to use H°°
control. The details of how the control problem is formulated
are given in Sec. III.

In Sec. IV we solve the H°° optimal control problem associ-
ated with this system. The procedure is illustrated with a
numerical example in Sec. V. In this section we also discuss
certain properties of the optimal controller. Finally, in Sec. VI
we make some concluding remarks.

II. Abstract Model of an Unstable Aircraft
An aircraft rigid body has 6 degrees of freedom and thus 12

states. The forces and moments are independent of the direc-
tion the aircraft is traveling and the two horizontal position
coordinates. The dependence of atmospheric properties on
altitude can be neglected for the purposes of flight control
design. This leaves eight states that can be further decomposed
into two sets of four states because of the aircraft's plane of
symmetry. The motions in the plane (two translations and one
rotation) do not cause forces and moments in the out-of-plane
motions (one translation and two rotations). The in-plane
forces and moments caused by out-of-plane motions can be
neglected. Thus the two sets of four states each are decoupled.

The in-plane motions are of interest for this paper. The four
states model three degrees of freedom and several choices are
used in practice. The specific state variables to be used in this
paper are the magnitude of the velocity vector denoted by K,
the flight-path angle denoted by 7, the angle of attack denoted
by a, and the pitch angular rate denoted by q. These variables
are shown in Fig. 1.

The in-plane motions, also known as the longitudinal mo-
tions, can be further decomposed by a time scale or frequency
separation. The slowest motions or lowest frequency motions
involve the exchange of gravitational potential energy and
kinetic energy. This is an oscillatory motion that is lightly
damped and has a frequency that is within a factor of three of
g/V where g is the gravitational acceleration. This frequency is
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The characteristic equation is given by

Fig. 1 Aircraft longitudinal states.

usually a decade below the frequencies of interest in this
paper. The states associated with this so-called phugoid mo-
tion are V and 7 and will be assumed to be constant in the
following.

The high frequency longitudinal motion is known as the
short period. In this special case, only the force normal to the
flight path and the pitching moment will be of interest. The
force is in the direction normal to the velocity and positive
down. The moment is the pitching moment that is positive for
nose up. The two variables that describe the motion of the
aircraft are a. and q.

The equations of motion are given by

mVy = mV(q- a) = L(a,d,q) - mg cosy

= Maero(a,6,tf)

(1)

(2)

where m is the mass of the aircraft, Iyy is the pitch axis moment
of inertia, L is the aerodynamic lift force, Maero is the aerody-
namic pitching moment, and the propulsion force normal to
the velocity vector and propulsion pitching moment have been
neglected. The mass and moment of inertia are assumed to be
constant. The aerodynamic terms depend on angle of attack,
the control surface (horizontal tail) deflection denoted by 6,
and the pitch rate.

For controls development, these equations are linearized
about the straight and level equilibrium condition where a = q
= 0 and 7 = 0. The equilibrium condition is given by (a, 6) =
(ao,50) sucn tnat L(ao,f>o,Q) = *ng and MaeTO(a0,do,Q) = 0.

After linearization the equations can be written

(3)

(4)

where the subscript 1 denotes a perturbation from the equi-
librium condition. That is, we have a = a0 + ^i* Q = #

The terms in the linearized equations arising from the par-
tial derivatives of the aerodynamic functions are known as
stability derivatives and are given by

- 1 3L

and

(5)

and similarly for Zq, Zb, Mq, and M6.
Typically the terms Zq and Z$ are negligible and will be

taken to be zero in the following. Ma is an important term
because it determines longitudinal stability for the short pe-
riod. This stability derivative can be positive or negative de-
pending on the location of the aircraft center of mass. Ma
increases as the center of mass moves aft. The stability deriva-
tives Za and Mq are typically negative and provide damping.

s - Mq)s-Ma = 0 (6)

thus if Ma
tored as

> 0, the characteristic equation can be fac-

(7)

where a > 0 is the positive root and - p < 0 is the negative
root.

Typically the aircraft is controlled by measuring pitch rate
with a gyroscope and rate of change of flight-path rate with an
accelerometer. A common approach is to blend these two
variables together to form a variable for feedback called y
where

y = q + Ky (8)

and K > 0 is a constant and the subscript 1 (for linearization)
was suppressed. In this case the transfer function from the
control surface to the feedback variable is

y(s)_M8[s-Za(l+K)]
d(s) (j (9)

Note that this transfer function has one negative zero because
Za<0and#>0.

The next approximation is to assume a near pole-zero can-
cellation occurs in this transfer function; i.e., the blending
variable K is such that Za(l + K) « -p. Then

y(s) ^ M5

d(s) (s - a) (10)

The high frequency dynamics due to elasticity, actuators,
sensors, computer, and zero order hold contribute effective
time delays associated with the individual components. Com-
bining all these into one transfer function, we get

/>(*) =
as— 1 (11)

as an abstract model of the aircraft for controlling unstable
short period dynamics, where h is the total time delay in the
feedback loop and a: = l/a is the unstable pole (we have
normalized M^/a so that IP(0)1 = 1). Note that only two
parameters, a and h, describe the model, which is infinite
dimensional. It is difficult to control the aircraft if the product
of the delay and the unstable pole (the ratio h/o) is large. The
X-29 aircraft at its most unstable flight condition has a prod-
uct of unstable pole and effective time delay h/o as large as
0.37, the other conditions being as much as a factor of 6
smaller. The meaning of "difficulty of the control" will be
clear from the following discussion.

III. Control of the Unstable Aircraft Model
In the rest of this paper we will discuss the controller design

for the abstract model, Eq. (11), of an unstable aircraft. The
most important control objective is the stability of the closed-
loop feedback control system. The controller that we are going
to design is required to stabilize this open-loop unstable sys-
tem. Also, the controller should take into account the unmod-
eled dynamics that are present in the actual system but do not
appear in the model due to simplifications in the modeling.
Another important specification in the control design is sensi-
tivity reduction. We will consider all of these problems in
our design. Under certain mild assumptions, these problems
(namely, stabilization, robustness to unmodeled dynamics,
and sensitivity reduction) can be put into one single optimality
criteria, to be defined later.
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Fig. 2 Feedback system with externals inputs.

A. Stabilization
The feedback control system, including all possible external

signals, is shown in Fig. 2. Here r, d, v, and n represent the
reference input, actuator disturbance, output disturbance, and
the measurement noise, respectively. These signals are external
inputs to the closed-loop system. Internal signals in the system
are the measured error e, command u, output y, and the noise
corrupted output z. The system transfer functions are the
plant model (unstable aircraft) P, the controller to be designed
C, and the measurement device H.

We say that the closed-loop system, shown in Fig. 2, is
stable if for all finite energy input signals [r,d,v,n] the corre-
sponding output signals [z,e,u,y] have finite energy, and the
maximum energy amplification from the inputs to the outputs
is finite.

We make a simplifying assumption that H(s) = 1; i.e., the
measurement device is perfect, except the noise n. Then, it is
a well-known fact that the closed-loop system is stable if and
only if all four transfer functions S: = (1 + PC)"1, 1 - 5, CS,
and PS are in //°°. [A function F(s), s € C (complex numbers)
is in H°° if it is analytic (no poles) in the right half plane and
essentially bounded on the imaginary axis.] When a function F
is essentially bounded on the imaginary axis, its infinity norm
is defined as

ILFHoo: = ess suplFQ'co)! (12)

Given the plant P, the set of all stabilizing controllers is
characterized as follows. First write P as a ratio of two
strongly coprime functions in H°°, i.e., find functions Pn,
Pd € H°° such that P = Pn/Pd and

inf (\Pn(s)\ + \Pd(s)\)>0
Res>0

For our model P(s) = e~hs/(as— 1) we can choose

(13)

Pn(s) = e- *y (os and

The next step is to find X and Fin //°°, solving the Bezout
equation

(15)

Since Pd has only one zero in the right half plane (i.e., pole of
the unstable aircraft model P), there is only one interpolation
condition for Y to exist in H°°. That is the function
[1 - Pn(s)X(s)] should be zero at the zero of Pd(s), i.e., at the
pole I/a of the plant. Otherwise, Y(s) has a pole at I/a and is
not in H°°. The solutions can be easily found:

X(s) Y(s) =
~hs

(as- (16)

Note that the numerator of Y(s) becomes zero at s = I/a;
hence Y(s) does not have a pole in the right half plane. Then
all stabilizing controllers are of the form (see, for example,
Ref . 7)

X(s) + Pd(s)Q(s)
Y(s) - Pn(s)Q(s)

(17)

where Q € H°° is the free parameter to be chosen according to
the design specifications, other than stabilization of P.

B. Robustness to Unmodeled Dynamics
In the previous discussion, we assumed that the plant trans-

fer function is given by P, then we characterized all controllers
stabilizing this fixed model. However, as mentioned earlier,
there are many simplifications made in obtaining the abstract
model P(s) = e~hs/(as — 1). One must also take into account
these simplifications in the controller design.

There are a number of ways to represent these unmodeled
dynamics. The most common approach is to write the unmod-
eled dynamics as multiplicative, additive, or coprime factor
perturbations of the nominal model P. Here we take the
additive perturbation approach; that is, we assume that the
true plant can be any transfer function of the form

= P(s)+W2(s)A(s) (18)

where P is the nominal model, A is an arbitrary transfer
function, representing the uncertainty in the plant, normalized
to IIAII a, < 1, and W2 is a fixed (usually known) transfer func-
tion representing the size and the distribution, over frequency,
of the uncertainty. Without the loss of generality we can take
W2, W2~l €//°°.

Considering the uncertainty in the plant, we require that the
controller C, which is fixed, stabilizes not only the nominal
model P but all possible plants of the form G. If a controller
C meets this requirement, then we say that C robustly stabi-
lizes the plant. Suppose that G and P have the same number of
poles in the right half plane (in our aircraft model this number
is 1). Then one can show that8 a controller C robustly stabi-
lizes the plant if and only if it stabilizes the nominal plant P
and satisfies the robustness inequality

\\W2C(\ (19)

Note from the previous subsection that for our plant model
the controller has to be of the form C = (X + PdQ)/
(Y-PnQ), QtH00, where Pn, Pd, X, Y € H°° are given by
Eqs. (14) and (16). In addition to the nominal model, Eq. (11),
if an uncertainty description W2 is given, then the robustness
inequality (19) takes the form

(20)

Thus a robustly stabilizing controller can be obtained by find-
ing a transfer function Q € H°° satisfying Eq. (20).

Recall that for our aircraft model we have Pd(s) = (as- I)/
(as + 1), which is inner (all-pass) X(s) = 2eh/a, and we assume
W2

 l € H°°. Therefore, a robustly stabilizing controller exists
if an only if 1 > X, defined by

X: = inf \\2eh/aW2(s) - as— 1
as + 1 (21)

where we used Eqs. (14) and (16) in Eq. (20). This problem can
be solved as follows.9 Note that for any F € H°° we have
IIFIL^ lF(l/a)l, so that

\\2eh/0W2(s) -
as + I

2eh/a\ W2(\/a)\ (22)

This is independent of Q € H°° because 6(1 /a) must be finite.
On the other hand,

(23)

is in H°°, and Q0 achieves the lower bound Eq. (22) when used
in Eq. (21). Thus

= 2eh/a\W2(\/a)\ (24)
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and so we can conclude that a robustly stabilizing controller
exists if and only if the "size" of the plant uncertainty, at the
unstable pole of the nominal model I W2(\/o)\, is less than
Vie~h/0. In other words, the "amount of uncertainty toler-
ated" by the nominal model decreases exponentially as the
ratio h/o increases. This illustrates the point mentioned at the
end of Sec. II; that is, the ratio h/o represents a difficult level
for the control of the model P(s) = e~hs/(os- 1). Note that
for the "easiest" case, /i/a—0, the maximum uncertainty
\W2(\/o)\ cannot exceed 0.5; this number is 0.4709 and
0.3454 for h/o equals 0.06 and 0.37, respectively.

C. Sensitivity Reduction
Up to this point we have only discussed problems of stabi-

lization. Another important reason to use feedback control is
to reduce the system sensitivity. The most common definition
of system sensitivity (see, for example, Ref. 10) is the ratio of
the percentage change in the closed-loop transfer function
(from r to y) to the percentage change in the plant. There-
fore, the system sensitivity is the function of S(s) = [1 +
P(s)C(s)]~l. There are many other equivalent definitions of
the sensitivity, e.g., the transfer function from the output dis-
turbance v to the output y, or the transfer function from the
reference r to the error e> or the ratio of the percentage change
in the output y to the percentage change in the plant, etc.

A natural control design specification is the sensitivity re-
duction, which can be stated as follows. Given a desired upper
bound Wd(s) for the sensitivity function (in general Wd,
Wjl € //°°), we want to find a stabilizing controller C such
that

I [1 + G(/«)C(/«)]-' I < I Wd(ju) I for all o> € R (25)

where G represents the true plant. Since the true plant is
unknown and can be any transfer function of the form
G = P + W2k, where P, W2, and A are as before, we want a
stabilizing C satisfying

) -1 1

for all (26)

and for all A satisfying the previous assumptions. This prob-
lem will be called the robust performance problem. Defining
W\: - Wd

l we see that Eq. (26) is equivalent to having

PC)-11 < 11 + (27)

[we have dropped the dependence on (J co) for notational con-
venience] . It is easy to see that condition (27) is satisfied if the
following holds:

+ PC)'112 + W2C(\ + PC)-112 < 1/2 (28)

The left-hand side can be identified as follows: let
A(s):=Wl(s)[l+P(s)C(s)]-1 and B(s): = W2(s)C(s)[l +
P(s)C(s)] ~1. Note that if C stabilizes P, then A and B are H°°
functions. The //°° norm of the vector valued function

is defined by

IMI- ess supVL4(/w) I 2 + £(/'«•>) I 2 (29)

Therefore, a sufficient condition for C to solve the robust
performance problem is

(30)

together with the stabilization of the nominal plant P. Hence,
the robust performance problem is solvable if /* < 1 A/2 where
/A is the optimal performance level corresponding to the fol-
lowing H°° optimal control problem:

: = inf
C: stabilizing

(31)

If jit < 1 A/2, then the H°° optimal controller Copt solving the
problem (31) also solves the robust performance problem.
The previous problem is a "two-block" H°° problem; simi-
larly the problem defined by Eq. (21) is a one-block problem.
The meaning of a "block" should be clear from the previous
definitions.

It is important to note that if ju is greater than 1 A/2, then
one can define a new H°° optimal control problem by intro-
ducing new weighting functions Wt•: = kWit i = 1,2. One can
always choose k sufficiently small so that the new optimal
performance £, corresponding to the new //°° problem with
W\> W2, P, satisfies the robust performance inequality /c < I/
V2. However, reducing the size of W2 (multiplying it by a
number k< 1) means that less uncertainty is tolerated by the
nominal plant P. Similarly, reducing W\ (multiplying it by
k < 1) means increasing Wdt which is equivalent to increasing
the desired system sensitivity by a factor of I/A:.

Conversely, if n< 1A/2, then we can choose k = l/jn/2> 1
in the previous discussion and still satisfy the robust perfor-
mance inequality. That is, if ^<lA/2, then the plant can
tolerate an additional uncertainty, given by a factor of l//xV2.

IV. H90 Optimal Control of the Unstable
Aircraft Model

We now study the H°° optimal control problem defined by
Eq. (31) for our unstable aircraft model. The purpose is to
find the optimal performance level \i and the corresponding
optimal controller Copt, given data P, W\, and W2. As we have
discussed before, the smaller the pi, the better the performance
of the closed-loop feedback control system.

The nominal plant model P is an infinite dimensional sys-
tem. Therefore, the state space and algebraic Riccati equation
method,11'13 for the solution of this H°° control problem can-
not be applied directly. An extension of the state space method
to distributed systems is now available.14 But this involves
operator valued (infinite dimensional) Riccati equations, so
the exact solutions are difficult to obtain. Therefore, the state
space method is a difficult approach for our problem. There
are only two parameters in the plant, namely, h and a, and
from this point of view the model is rather simple. Indeed, the
skew Toeplitz theory developed for the H°° control of such
distributed systems1'6'15 allows us to compute p and Copt from
a finite determinental formula. See also Refs. 16 and 17 for
computation of /* in similar H°° control problems with delays.
In Ref. 16 sensitivity minimization was considered only for
stable plants, whereas in Ref. 17 only robust stabilization was
addressed. Here we consider a mixture of these two problems
(though Ref. 17 considers coprime factor uncertainty, where-
as our uncertainty is additive).

The complexity of computations in the skew Toeplitz ap-
proach depends on the orders of the weights and the number
of unstable poles of the plant and not on the dimension of the
state space, which may be infinite. Since in our problem the
plant is infinite dimensional with only one unstable pole, we
apply the skew Toeplitz method here. In particular we use the
results of Ref. 5 for our problem. To have relatively simpler
computations, we consider low-order weights.

A. Reduction of the Two-Block Problem
In this section we will reduce the two-block problem of Eq.

(31) to a one-block type problem by using standard techniques
of H°° control. This way the complexity of the computations
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will be reduced. For the sake of completeness we show all of
the details here. Recall that the controller for the plant P(s) =
eh/s/(as- 1) is of the form

C(5) = X(s) + Pd(s)Q(s)
Y(s)-Pn(s)Q(s)

(32)

where Q € H°° is the free parameter, Pd(s) = (as - l)/(05
+ i), pn(s) = eh/a/(as + 1), X(s) = 2eh/0, and Y(s) = [1 -
X(s)Pn(s]]/Pd(s). Let the weights be given as

(33)

where k, p, and r are free parameters to be chosen according to
uncertainty description and sensitivity reduction conditions.
See the next section for a choice and justification of these
parameters. We consider first-order weights for simplicity.
The theory of Ref. 5 can handle more general weights, but in
that case the notation and computations are more compli-
cated.

Substituting the expression for C in Eq. (32) (for the given
plant and weights) in the definition

(34)- tu, = mf
C:stabilizing || [ W2CS

Gcif-

-h/s

as— 1
(75 + 1

L -w2
+ 1)]L H/(os-l\ 111
, J[^\=TT>J| (35)

We now use the following well-known fact: if a 2 x 2 matrix
Fsi(s)> whose entries are in //°°, satisfies F5/(/oj)*F5/(/aj)
= / 2x2 for all <*>» tnen ^ji is called unitary [here F5/(/co)*
denotes the complex conjugate transpose of F5/(/w), and 7 2 X2
is the 2 x 2 identity matrix]; furthermore, since Fs, has the
property that for any H°° functions G and H we have

I" (36)

Since the matrix

o
0

as— 1
(75-+ 1

satisfies the previous property, we have

vi r w,/(as +
o H -w2

(37)

It is easy to see that the weights are of the form

M^2(5) = A:H^(5) (38)

where

Then we have

1 + (75
(39)

1 + (75

1 + rs
0

,/zs
(1

(40)

We can find an inner/outer factorization for the matrix

K W :=- [ ( 1 + W ) - n
L -P

of the form F(5): = F;(5)F(5), where

fi(s) =
L -p^)-1 J

(41)

Here Ft € //°° is inner, i.e., Fi(/a))*F/(/o)) = 1, F €//°° is
outer, i.e., has no poles or zeros in the right half plane. The
outer factor F(5) is computed for the spectral factor of
K(/o?)* K(/co) (see, for example, Ref. 9). Then, once F is com-
puted, FJ is given by F/(5) = V(s) • F(s)~l.

Now it is easy to check that the 2 x 2 matrix:

-p
1 - T/CO

1 + TJW

(42)

is unitary. Using the property (36) of L [i.e., multiplying the
right-hand side of Eq. (40) by L], we reduce the problem to a
one-block problem of the form

t : = inf ,- WQM~MdMQ,\\0

where

as)

(43)

(44)

(45)

M(s):=e-
1 + PT5A/1+P2

Md(s): = as— 1
as + 1

(46)
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The two-block optimal performance \i can be computed from
the one-block optimal performance ^; also Q and Q\ has an
invertible relationship:

and (41)

Note that F and W are invertible in H°°.

B. Solution to the Reduced //°° Problem
The one-block H°° problem defined in Eq. (43) can be

solved by using the formula given in Ref. 5. The first step is to
transform the data from right half plane of the complex
numbers C to the unit disc of C using a conformal map. That
is, all the functions of s will be seen as functions of z, where
s € C, Re s > 0, is replaced by z € C, \z \ < 1. Let the confor-
mal map be

z = as— I
as + 1

and
1 1 +z

(48)

Then the transformed data are

where the real numbers a\ and 02 are given by

(52)

Then the one-block H°° problem can be reduced to

- z> : = inf

m(z} ~ (53)

is the usual Hardy space H°° defined on the unit disc
D] where

= (\+p2) (54)

There is an invertible relationship between Ql and q2, and
between VL\ and /x2:

(55)

We are now ready to solve our one-block problem. But before
we go into the mathematical details, we would like to present

some background material on the shift operators on Hilbert
spaces. We refer the interested reader to Ref. 18 for an intro-
duction to these concepts.

1. Shift and Compressed Shift Operators
The second Hardy space H2 is the space of functions/(z):

D-+C having an analytic power series expansion

/(*) = E fkZ*, with (56)

The canonical shift operator, denoted by S, can be represen-
ted by multiplication by z, i.e., shift S acting on an element
/ € H2 generates a new element in H2 given by g(z) = zf(z).
Note that g(z) = 0 +/QZ1 +/iZ2 + . . . .

Recall m(z) defined earlier; it is an inner function [i.e., it is
in H°° and satisfies m(eje)*(mejd) = 1], and so is the function
zm(z). We can define two subspaces of H2 associated with
m(z) and zm(z) as follows. Let

m(z)H2: = { m ( z ) f ( z ) : f t H 2 }

zm(z)H2: = (zm(z}f(z) : /€ H2}
(57)

Then the subspaces of H2 that are orthogonal complements of
zm(z)H2 and m(z)H2 are denoted by H[zm(z)] and H[m(z)]>
respectively. This means that any function/ 6 H2 has orthog-
onal decompositions/(z) = g(z) + zm(z)h(z) and/(z) = g(z)
+ m(z)fi(z), where g € H[zm(z)], g(z) € H[m(z)], and h,
fi € H2. An important consequence of the previous definitions
is that any element u of H[zm(z)] can be written in terms
of orthogonal components u(z) =:p(z) + m(z)q where p €
H[m(z)] and <y € C.

Also, definitions of subspace H[zm(z)] and H[m(z)] imply
that the functions z~lm(z~l)g(z) and mfe'1)!^) are of the
form

and

(58)

where the right-hand sides converge outside the unit circle for
some coefficients </>/, $/, 6 C, / = 1,2, . . . , such that

£ !0/ l 2<oo
/ = i

and (59)

Since H[zm(z)] is a subspace of H2, we can define an
orthogonal projection operator PH\zm(Z}\'- H2^H[zm(z)]. This
operator acting on an arbitrary element / of H2 generates
PH(zm(Z)]f = g, the H[zm(z)} component of f(z) = g(z) +
zm(z)h(z). Using the orthogonal projection, we can define
the compressed shift operator, denoted by J, associated
with H[zm(z)] as follows: T: H[zm(z)]-»H[zm(z)], for
gtH[zm(z)]Tg=PH[zm(z)]Sg.

The adjoint of the shift operator is denoted by S*: for
/•€ //2, S*f: = e where e € H2 and e(z) = z~l[f(z) -/(O)].
Similarly we denote the adjoint of the compressed shift as T*9
and the action of T* is the same as the action of S* except that
r* acts on elements from H[zm(z)] and generates elements in
H[zm(z)].

An important point to note is that the spaces H2, H[zm(z)]
and H[m(z)] are infinite dimensional. So the operators de-
fined on these spaces can be seen as infinite size matrices
acting on infinite size vectors represented by the coefficients of
the functions of the type, say /€ / f 2 , /(z) =/o +/iZ1 +
/2-z2 + . . . . However, for our problem it is not practical to use
infinite size vector and matrix notation; in the following dis-
cussion, we will only need to know the action of T and T* on
elements of H[zm(z)].
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2. Computation of \i2 and the Optimal Controller
Using the ccmmutant lifting theorem,19 it can be shown

(see, for example, Ref. 3) that \i2 is the norm of the operator
A : H[zm(z)]^H[zm(z)] defined in terms of Tby

A=(I- T)(I - a2T)~l - t(I - aiT)2m(T)(I - a2T)~l (60)

Rq(z): = (P\ - \)zm(z) + (1 - a2p2
2)m(z) + tz (73)

The norm of A is the largest of the two positive quantities, the
essential norm (see, for example, Refs. 2 and 5 for a precise
definition), and the largest singular value of A . In our prob-
lem, we do not have to worry about the essential norm because
it is zero. Therefore, the quantity /z2 is the largest singular
value of A if and only if there exists a nonzero singular vector
x € H[zm(z)] such that

(A *A - P
2

2I)x = 0 (61)

where A * is the adjoint of A . The previous equation can be
written explicitly in terms of action of T and T*: There exists
0 ̂  x € H[zm(z)] satisfying the previous singular value singu-
lar vector equation if and only if there is 0 ̂  u € H[zm(z)]
satisfying

{ [/ - J* - tm(T)*(I - a{T*)2][I - T - t(I - a{T)2m(T)]

-P
2(I-a2T*)(I-a2T)}u=0 (62)

where u = (I - a2T)~lx, or x = (I - a2T)u [since I0 2 I<1 ,
the operator (/ - a2T) is invertible and this invertible relation-
ship is used in Eqs. (61) and (60) to obtain Eq. (62)]. All of the
terms in Eq. (62) can be computed explicitly by decomposing
u into its orthogonal components: u(z) = p(z) + m(z)q where
p € H[m(z)]9 and q 6 C. The details can be found in Ref. 5.
To give an idea how these expressions look, we give the
following terms:

(I-T)u=(\-z)p(z)

m(T)*(I-T)u=<i-y-l

m(T)u = m(z)y0

m(T)*m(T)(I-alT)2u=yQ

(63)

(64)

(65)

(66)

(67)

T*m(z)yo - z ~ l [ m ( z ) - m(Q)]yo (68)

where y0 = w(0), and 7.1 comes from m(z~l)p(z) = :y~\z~l

Using the previous identities, we obtain three equations in
three variables 7.1, 70, q € C for p2 to be a singular value of
A, i.e., for a nonzero u € H[zm(z)] to satisfy Eq. (62). Again,
these equations are obtained by taking the orthogonal projec-
tions of Eq. (62) onto the subspaces H[m(z)] and C. In
particular the projection of Eq. (62) on C implies that

t[\ -
(l-P

2-tm(0)] (69)

On the other hand, the projection of Eq. (62) on H[m(z)]
gives us

(70)

(71)

(72)

where

Ro(z) : = -\-t2z + t[zm(z) - m(z)

R-,(z): = -tz

Note that by definition p is the ff[m(z)] component of
u € H[zm(z)]. Equation (70) gives us two interpolation condi-
tions for p to be a nonzero element of H[m(z)]\ that is, the
numerator of Eq. (70) should vanish at the roots of its denom-
inator polynomial, which is second order. This gives us two
equations expressed in terms of p2 and the constants 7.1, 70,
and q. Moreover, when these two equations and Eq. (69)
hold, we can define a nonzero u in H[zm(z)] satisfying the
singular vector equation (62). See Ref. 5 for details. These
three equations can be written as

where

#1,7-1 #1,70 #!,<?

#2,7 - 1 #2,T0 #2,<?

#3,7 - 1 #3,70 #3,?

and the entries of RP2 are given by

7-1
7o
q

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

and z\ and z2 are the roots of the polynomial in the denomina-
tor of Eq. (70):

= (P2 ~

- m(zi) +

P2 ~ \ \ - 2P2)rn(zi) + tz\

#2,7 - 1 = ~tZ2

#2,70 = P2#2 - 1 - t2z2 + t[z2m(z2) - /fife) +

#2,? = (P2 - I)z2m(z2) + (1 - a2p2
2)m(z2) + tz2

z2 =

1 - p\a2

- P
2[(l + a2)/2]

P2(l-a2)
1 1 - p\a2 1 -1 (85)

- P2a2
-1 (86)

Let us summarize the previous discussion. We have seen the
following:

1) fji2 is the norm of A.
2) The norm of A, hence /x2> is the largest singular value

of A.
3) Any positive number p2 is a singular value of A if and

only if there exists a nonzero u € H[zm(z)] such that Eq. (62)
holds.

4) There exists a nonzero u € H[zm(z)] satisfying Eq. (62) if
and only if there exists a nonzero $, with entries in C, such
that Rp2$ - 0; such nonzero $ exists if and only if the matrix
Rp2 is singular.

Hence, from Sees. I-IV we conclude that the quantity /*2 can
be computed as the largest value of p2 that makes the matrix
Rp2 singular; i.e., ^2 can be found by plotting the minimum
singular value of Rp2 vs p2. The largest value p2 where this plot
has a zero is /*2 (see Ref. 20 to get an idea how these plots
look). Once /x2 is found, we can also compute a nonzero vector
$° satisfying

= 0 (87)
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Then a singular vector u°(z) = p°(z) + m(z)q°, with p° €
H[m(z)] and q° € C, can be obtained from the entries y°_l9
7o, and #° of $°. Going back from the commutant lifting
theorem, we can find an optimal tf2,optCz) € H°° yielding the
performance jn2. We refer the reader to Refs. 3 and 5 for the
proofs of these facts. After all these manipulations, we obtain
the following formula for

- a2z)ty°0-z(l -

I/a of the first term. This means that Copt(s) does not have a
zero at I/a. Thus, there is no unstable pole zero cancellation
in the Copt(s)P(s) product. In fact, by design, this optimal
controller stabilizes the nominal plant and achieves the opti-
mal H°° performance p.

m(z)q°}
rn(z)q° (88)

where

°-i +P°q(z)q° (89)

Pofe): = 1 - t2z + t [zm(z) - m(z) + m(0)] (90)

p°i(z): = -tz (91)
: = (^2 ~~ l)z/w(z) + (1 - &2V%)m(z) + ft (92)

Finally, using the relationship between #2,opt(z) and Copt(s),
we see that the optimal controller is given by

where

(1 + r/ah

(93)

(94)

and F(s), W(s), and <?2,oPt(£) are given earlier.
We remark once again that first two of the three equations

represented by Eq. (87) guarantees that p°(z), defined by
Eq. (89), is in H[m(z)]. Also the third equation guarantees
that the numerator of #2,optfe) vanishes at z = 0. This makes
sure that at 5 = I/a the denominator of the second term on the
right-hand side of Eq. (93) is zero; hence this cancels the zero

V. Numerical Example
In this section we demonstrate the previous theory by illus-

trating a numerical example. The procedure described in Sec.
IV is a control algorithm that can easily be implemented on the
computer. In fact, we wrote a MatLab program to compute
the optimal performance /* and the optimal controller Copt for
the two-block H°° problem considered earlier.

Recall that the plant is given by P(s) = e~hs/(as- 1), and
weights are given as

(95)

The inputs to the computer program are the parameters h, a,
k, p, and r, and the outputs are the optimal performance level
/*, and the singular vector f>° satisfying R^0 = 0- Using the
formulas (88), (93), and (94), we see that /* and $° are suffi-
cient to determine the optimal controller Copt. But the closed-
form expression of the controller is rather complicated. On the
other hand, we can evaluate Copt(s) for any given s; in partic-
ular we will give here the Bode plots for Copt(y co), which is also
a part of our MatLab program.

To demonstrate what happens to p and Copt as we increase
the difficulty level h/a, we will fix the weights and the param-
eter a (say a = 1) and vary h between 0.06 and 0.37. We choose
k = 0.2, p = 0.1, and T = 10, corresponding magnitude plots
for W\ and W2 are given in Fig. 3. This choice of W\ means
that the sensitivity function is to be reduced by a factor of 2,
in the frequency range lower than one decade below the corner

102

Fig. 3 Weights and the relative uncertainty.

1.8

1.2

Optimal Performance versus Time Delay

' 1 1.2 1.4 1.6 1.8 2
exp(h)

2.2 2.4 2.6 2.8

Fig. 4 fi vs eh/a, a=

Table 1 Optimal performance vs time delay

h 0.001 0.01 0.06 0.15 0.20 0.25 0.37 0.55 0.85 1.0 1.5 2.0 3.0 5.0
H 0.5092 0.5157 0.5529 0.6244 0.6669 0.7116 0.8283 1.0326 1.4685 1.74 3.02 5.135 14.38 107.74
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10-2 10-i 10° IQi

Fig. 5 ICopt(y'«)l vs w.

102

10-2 10-1 10° 101 102
Fig. 6 Phase [Copt(y w)] vs <o.

lO-2 10-i 10° IQi 102 iQ3

Fig. 8 Magnitude plot I P(jw)Copt(y <o) I .

101

10°;

h = 0.06

1(?6-3 10-2 10-1 10° iQi io2 io3

Fig. 9 Optimal sensitivity I [1 + P(jw)Copt(y«)] ~11.

0.5

- 6 - 5 -A - 3 - 2 - 1 0 1

Fig. 7 Nyquist plot P(jw)Copt(y«).

frequency of IP(y'co) I . The choice of W2 suggests that the size
of the additive uncertainty is 0.2; this is more or less constant
throughout all frequencies. Relative to the magnitude of the
plant, the uncertainty is about 20% up to the corner frequency
of P. After this frequency, the magnitude of relative uncer-
tainty, I [W2(ju)]/[P(ju)} I , increases 20 dB per decade. This
is a typical choice for the weights in the two-block H°° design
(see, for example, Ref. 21).

The optimal performance p for this numerical problem is
computed for several different values of the delay h. The
results are given in Table 1. To get a better idea about the
behavior of /* with respect to the changes in h, we have plotted
some of these points in Table 1 (see Fig. 4). We observe an
exponential relationship between ju, and h. We also give the

magnitude (Fig. 5) and phase (Fig. 6) plots of the optimal
controller for values of h equal to 0.06, 0.20, and 0.37. An
important point to note is that the optimal controller Copt(s)
contains delay terms e ~ hs; therefore, it is infinite dimensional.
On the other hand, the Bode plots (Figs. 5 and 6) show that
Copt(/co) is continuous on the imaginary axis, which means that
it is uniformly approximate by a finite dimensional controller
(see, for example, Refs. 22 and 23). We observe from these
figures that the approximation becomes more difficult (i.e.,
we need higher order approximations) as h increases. Once
again this illustrates that h/o is a sensible difficulty measure of
the controller design, for the abstract aircraft model. The issue
of approximating this optimal controller is discussed in detail
in Refs. 24 and 25.

The Nyquist plots for these controllers are also provided;
see Fig. 7 where the dotted line corresponds to the values of
P(yaj)Copt(./co) for negative values of co, the solid line corre-
sponds to positive values of to, and the arrows show the
increasing direction of to. Note that the critical point -1 is
encircled once in the counterclockwise direction. Since by
design Copt stabilizes the nominal plant, and P has one un-
stable pole, we deduce from this Nyquist plot that the optimal
controller is stable. The magnitude plots for the optimal open-
loop transfer function P(ju>)Copt(ju) are shown in Fig. 8 for
h = 0.37 and 0.06.

We also provide the magnitude plots (Fig. 9), for the opti-
mal sensitivity function Sopt = (1 + ^Qpt)'1 for the same val-
ues of h. We observe that

= \Wd(j<*)\ (96)

This shows that the desired performance is achieved for the
nominal plant P.
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- 3 - 2 - 1 0 1 2 3

Fig. 10 Robust stability test: I ̂ 2(yco)C0pt(yw)[l + P(ya))i

Similarly, Fig. 10 shows that

I ^2(yco)Cot(yco)[l + ]-1 1 < 1 (97)

for all o>. In other words, robustness inequality (19) is sat-
isfied. This illustrates robust stability. Furthermore, Fig. 10
gives an idea how much more uncertainty can be tolerated
by this optimal design: the uncertainty level I W2(ju>) I
can be increased by a factor of ( I W2(jw)C
P(ju>)Copi(ju)]~l I ) -1 while preserving robust stability.

VI. Concluding Remarks
In this paper, we have applied an H°° optimal control design

to an unstable system with delay that appears in aircraft
control. The H°° problem considered here was a mixture of the
problems of sensitivity reduction and robustness to additive
unstructured perturbations in the plant model. The skew
Toeplitz methods that we employed gave the optimal compen-
sator whose performance we were able to explicitly study as a
function of the various system parameters. The advantage of
using such a method is that it allows one to work directly with
the delay and, moreover, gives explicit numerical results in a
straightforward rigorous way without the need for any ap-
proximations.

An important point to mention is that the optimal controller
obtained here is a rather complicated expression [see Eqs.
(88-93)], containing delay terms, which make Copt infinite
dimensional. There are essentially two ways to obtain finite
dimensional suboptimal controllers, stabilizing P and achiev-
ing a performance close to /*. The first one is to approximate
the optimal controller and check stability and performance.
The second method is to approximate the plant, obtain the
corresponding optimal controller, which will be finite dimen-
sional, then check stability and compare the performance with
fi. Although the first method looks difficult (because it ap-
proximates a complicated infinite dimensional system: Copt), it
is numerically feasible to do such approximations. See Refs.
23 and 9 for the details of this method applied to the problem
considered in this paper. The first part (approximating the
plant) of the second method is easier, but to compare the
performance with the optimum, one needs to know, or esti-
mate, the optimum /*, which requires an H00 optimal control
method applicable to unstable delay systems. We are planning
to present a comparison of these two techniques in Ref. 20.

Acknowledgments
This work was supported in part by grants from the Na-

tional Science Foundation DMS-8811084, the Air Force Office

of Scientific Research AFOSR-90-0024, and the U.S. Army
Research Office DAAL03-91-G-0019. We would like to thank
our colleague Malcolm C. Smith for suggesting that we con-
sider applying our skew Toeplitz techniques to such a plant.
We would also like to refer the reader to the interesting paper
of Georgiou and Smith27 in which they apply an optimal gap
design to such a model.

References
^ercovici, H., Foias, C., and Tannenbaum, "On Skew Toeplitz

Operators, I" Operator Theory: Advances and Applications, Vol. 32,
1988, pp. 21-43.

2Foias, C., and Tannenbaum, A., "On the Four Block Problem, II:
The Singular System," Operator Theory and Integral Equations, Vol.
11, 1988, pp. 726-767.

3Foias, C., Tannenbaum, A., and Zames, G., "Some Explicit For-
mulae for the Singular Values of a Certain Hankel Operators with
Factorizable Symbol," SI AM Journal ofMathematical Analysis, Vol.
19, 1988, pp. 1081-1091.

46zbay, H., and Tannenbaum, A., "A Skew Toeplitz Approach to
the H°° Optimal Control of Multivariable Distributed Systems,"
SI AM Journal of Control and Optimization, Vol. 28, 1990, pp.
653:670.

5Ozbay, H., Smith, M. C., and Tannenbaum, A., "Mixed Sensitiv-
ity Optimization for Unstable Infinite Dimensional Systems," Linear
Algebra and Its Applications (to be published); short version of the
paper, "Controller Design for Unstable Distributed Plants," Pro-
ceedings of the American Control Conference, San Diego, CA, May
1990, pp. 1583-1588.

6Lenz, K., Ozbay, H., Tannenbaum, A., Turi, J., and Morton, B.,
"Frequency Domain Analysis and Robust Control Design for an Ideal
Flexible Beam," Automatica, Vol. 27, No. 6, 1991, pp. 947-961.

7Smith, M. C., "On Stabilization and Existence of Coprime Factor-
izations," IEEE Transactions on Automatic Control, Vol. 34, 1989,
pp. 1005-1007.

8Chen, M. J., and Desoer, C. A., "Necessary and Sufficient Condi-
tion for Robust Stability of Linear Distributed Feedback Systems,"
International Journal of Control, Vol. 35, 1982, pp. 255-267.

9Francis, B. A., A Course in H°° Control Theory, Lecture Notes in
Control and Information Sciences, Vol. 88, Springer-Verlag, 1987.

10Dorf, R. C., Modern Control Systems, 5th ed., Addison-Wesley,
Reading, MA, 1989.

11 Ball, J. A., and Cohen, N., "Sensitivity Minimization in an
H°° Norm," International Journal of Control, Vol. 46, 1987, pp.
785-816.

12Doyle, J. C., Glover, K., Khargonekar, P. P., and Francis, B. A.,
"State Space Solutions to Standard H2 and H°° Control Problems,"
IEEE Transactions on Automatic Control, Vol. AC-34, 1989, pp.
831-847.

13Glover, K., and Doyle, J. C., "State Space Formulae for all
Stabilizing Controllers that Satisfy an H°° Norm Bound and Relations
to Risk Sensitivity," Systems and Control Letters, Vol. 11, 1988, pp.
167-172.

14Curtain, R. F., "//°°-Control for Distributed Parameter Systems:
A Survey," Proceedings of the 29th IEEE Conference on Decision
and Control, Dec. 1990, pp. 22-26.

15Zames, G., and Mitter, S. K., "A Note on Essential Spectrum and
Norms of Mixed Hankel—Toeplitz Operators," Systems and Control
Letters, Vol. 10, 1988, pp. 159-165.

16Flamm, D., and Mitter, S., "//°° Sensitivity Minimization for
Delay Systems," Systems and Control Letters, Vol. 9, 1987, pp.
17-24.

17Partington, J. R., and Glover, K., "Robust Stabilization of Delay
Systems by Approximation of Coprime Factors," Systems and Con-
trol Letters, Vol. 14, 1990, pp. 325-331.

18Halmos, P. R., A Hilbert Space Problem Book, Springer-Verlag,
New York, 1982.

19Sz.-Nagy, B., and Foias, C., Harmonic Analysis of Operators on
Hilbert Space, North Holland, Amsterdam, 1970.

20Ozbay, H., "A Simpler Formula for the Singular Values of a
Certain Hankel Operator," Systems and Control Letters, Vol. 15,
1990, pp. 381-390.

21Doyle, J. C., and Stein, G., "Multivariable Feedback Design:
Concepts for a Classical/Modern Synthesis," IEEE Transactions on
Automatic Control, Vol. 26, 1981, pp. 4-16.

22Gu, G., Khargonekar, P. P., and Lee, E. B., "Approximation of
Infinite Dimensional Systems," IEEE Transactions on Automatic



508 ENNS, OZBAY, AND TANNENBAUM: UNSTABLE AIRCRAFT CONTROLLER DESIGN

Control, Vol. AC-34, 1989, pp. 610-618.
23Glover, K., Lam, J., and Partington, J. R., "Rational Approxi-

matin of a Class of Infinite Dimensional Systems," CUED/F-IN-
FENG/TR.20, Dept. of Engineering, Univ. of Cambridge, Cam-
bridge, England, UK, 1988.

24Enns, D., Ozbay, H., and Tannenbaum, A., "Numerical Compu-
tation and Approximations of H°° Optimal Controllers for a 2-Pa-
rameter Distributed Model of an Unstable Aircraft," Proceedings of
the 1991 IEEE International Conference on Systems Engineering,
Dayton, OH, Aug. 1991, pp. 307-310.

256zbay, H., "Controller Reduction in the 2-Block H°° Optimal
Design for Distributed Systems," International Journal of Control,
Vol. 54, No. 5, 1991, pp. 1291-1308.

26Enns, D., Ozbay, H., and Tannenbaum, A., "//°° Optimal Con-
trollers for a Distributed Model of an Unstable Aircraft," 30th IEEE
Conference on Decision and Control, Brighton, England, UK, Dec.
1991, pp. 3020-3024.

27Georgiou, T., and Smith, M. C., "Robust Stabilization in the
Gap Metric: Controller Design for Distributed Plants," Proceedings
of American Control Conference, 1990, pp. 1570-1575.

Recommended Reading from the AIAA Educatiqi

INTAKE AERODYN

onsiders the problem of a
>vers

i of both subsonic and supersonic intakes in real flows,
regression through the transonic range. Also considered is

3ry joint perspective of the airframe designer and the
3list in practical cases. The text keeps mathematics to the

f practical level and contains over 300 drawings and diagrams.

1986, 442 pp, illus, Hardback • ISBN 0-930403-03-7
AIAA Members $43.95 • Nonmembers $54.95 • Order #: 03-7 (830)

Place your order today! Call 1 -800/682-AIAA

1AIAA
American Institute of Aeronautics and Astronautics
Publications Customer Service, 9 Jay Could Ct., P.O. Box 753, Waldorf, MD 20604
Phone 301/645-5643, Dept. 415, FAX 301/843-0159

Sales Tax: CA residents, 8.25%; DC, 6%. For shipping and handling add $4.75 for 1-4 books (call
for rates for higher quantities). Orders under $50.00 must be prepaid. Please allow 4 weeks for
delivery. Prices are subject to change without notice. Returns will be accepted within 15 days.


